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Abstract
Letm,n be positive integers, v a multilinear commutator word and
w = vm. We prove that if G is a locally graded group in which all w-
values are n-Engel, then the verbal subgroup w(G) is locally nilpotent.
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1 Introduction
If w is a group-word and G is a group, the verbal subgroup w(G) of G is
the subgroup generated by all w-values in G. Most of the words considered
in this paper are multilinear commutators, also known under the name of
outer commutator words. These are words that have a form of a multilinear
Lie monomial, i.e., they are constructed by nesting commutators but using
always different variables. For example the word
[[x1, x2], [y1, y2, y3], z]
∗This work was carried out during the first author’s visit to the University of Salerno,
which was partially supported by GNSAGA.
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is a multilinear commutator while the Engel word
[x, y, y, y]
is not.
An important family of multilinear commutators consists of the lower
central words γk, given by
γ1 = x1, γk = [γk−1, xk] = [x1, . . . , xk], for k ≥ 2.
The corresponding verbal subgroups γk(G) are the terms of the lower central
series of G. Another distinguished sequence of outer commutator words are
the derived words δk, on 2
k variables, which are defined by
δ0 = x1, δk = [δk−1(x1, . . . , x2k−1), δk−1(x2k−1+1, . . . , x2k)], for k ≥ 1.
The verbal subgroup that corresponds to the word δk is the familiar k-th
derived subgroup of G usually denoted by G(k).
Let n be a positive integer and let x, y be elements of a group G. The
commutators [x,n y] are defined inductively by the rule
[x,0 y] = x, [x,n y] = [[x,n−1 y], y].
An element x is called a (left) Engel element if for any g ∈ G there exists
n = n(x, g) ≥ 1 such that [g,n x] = 1. If n can be chosen independently of g,
then x is a (left) n-Engel element. A group G is called n-Engel if all elements
of G are n-Engel. It is a long-standing problem whether any n-Engel group
is locally nilpotent. Following Zelmanov’s solution of the restricted Burnside
problem [13, 14], Wilson proved that this is true if G is residually finite
[12]. Later the first author showed that if in a residually finite group G all
commutators [x1, . . . , xk] are n-Engel, then γk(G) is locally nilpotent [7, 8].
In the recent paper [1] a stronger result was obtained. Namely, it was proved
that given positive integers m,n and a multilinear commutator word v, if
G is a residually finite group in which all values of the word w = vm are
n-Engel, then the verbal subgroup w(G) is locally nilpotent.
In [3], Kim and Rhemtulla extended Wilson’s theorem by showing that
any locally graded n-Engel group is locally nilpotent. Recall that a group is
locally graded if every non-trivial finitely generated subgroup has a proper
subgroup of finite index. The class of locally graded groups is fairly large
and in particular it contains all residually finite groups. The purpose of the
present paper is to extend the main result of [1] to locally graded groups.
Thus, we will prove the following theorem.
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Theorem 1.1. Let m,n be positive integers, v a multilinear commutator
word and w = vm. If G is a locally graded group in which all w-values are
n-Engel, then the verbal subgroup w(G) is locally nilpotent.
Earlier the result was proved in [1] under the additional hypothesis that
m = 1. Our proof of Theorem 1.1 is based on the techniques that Zelmanov
created in his solution of the restricted Burnside problem. In particular a
result in the spirit of the restricted Burnside problem is given in Corollary
2.5 below. It provides a sufficient condition under which a group must be
locally finite.
It remains unclear whether Theorem 1.1 can be extended to arbitrary
words.
2 The proof
We say that a set X is commutator-closed if [x, y] ∈ X whenever x, y ∈ X .
Furthermore, given subgroups H and K of a group G, we denote by HK the
smallest subgroup of G containing H and normalized by K.
In the first lemma we collect some results which can be found in [1], [11]
and [9], respectively.
Lemma 2.1. Let m ≥ 1 and G be a group. Then the following hold.
(i) Let y be an element of G and H a finitely generated subgroup. If ym is
Engel, then H〈y〉 is finitely generated. [1, Corollary 2]
(ii) Assume that G is generated by a finite subset X. If xm is Engel for
all x ∈ X, then the derived subgroup of G is finitely generated. [1,
Lemma 4]
(iii) Let X be a normal commutator-closed subset of G. Assume that G
is generated by finitely many elements of X. If xm is Engel for all
x ∈ X, then each term of the derived series of G is finitely generated.
[1, Corollary 5]
(iv) Assume that G is generated by a normal commutator-closed set X of
elements of finite order. If G contains a subgroup N of finite index such
that X ∩N = 1, then G is locally finite. [11, Lemma 3.4]
(v) Let v be a multilinear commutator. Then there exists k ≥ 1 such that
every δk-value in G is a v-value. [9, Lemma 4.1]
In the sequel the following results will play an important role.
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Lemma 2.2. Let m ≥ 1 and G be a group generated by two finitely generated
subgroups H andK. Assume thatK = 〈y1, y2, . . . , yd〉, where each ymi is Engel
in G. If K is nilpotent, then HG is finitely generated.
Proof. Clearly, HG = HK. Let c be the nilpotency class of K. We use in-
duction on d and c, respectively. If d = 1, the claim follows from part (i) of
Lemma 2.1. Assume d > 1. If c = 1, then
HK = (((H〈y1〉)〈y2〉) . . .)〈yd〉
and so HK is finitely generated by Lemma 2.1 (i). Suppose that c > 1. Let
N = 〈y1〉K and J = 〈y2, . . . , yd〉. Thus N is nilpotent of class at most c− 1.
Moreover, as N is a subgroup of the finitely generated nilpotent group K, it
is generated by finitely many elements whose m-th powers are Engel. Now
the induction hypothesis on c implies that HN is finitely generated and, by
induction on d, so is (HN)J . Since K = JN , it follows that HK is finitely
generated, as desired.
Lemma 2.3. Let G be a finite nilpotent group generated by a normal com-
mutator-closed set X of elements of order dividing e. If G satisfies a law
w ≡ 1 and is d-generated for some d ≥ 1, then its order is {d, e, w}-bounded.
Proof. The proof is really very similar to that of Lemma 3.2 of [10]. The
modifications required in our situation are self-evident. We therefore omit
the details.
Let G be a finite soluble group with Fitting subgroup F (G). Recall that
the Fitting height of G is the least integer h such that Fh(G) = G where,
as usual, F0(G) = 1 and Fi(G)/Fi−1(G) = F (G/Fi−1(G)) for any i ≥ 1. We
denote by N h the class of all finite soluble groups of Fitting height at most h.
Theorem 2.4. Let G be a group satisfying some group-law and suppose that
G is generated by a normal commutator-closed set X of elements of finite
order. If G is residually-N h, then G is locally finite.
Proof. Suppose first that G is generated by finitely many elements of X and
argue by induction on h. If h = 1, then G is residually finite-nilpotent. Let
N be a normal subgroup of G such that G/N is finite nilpotent. By Lemma
2.3, the order of G/N is bounded by certain number which does not depend
on N . It follows that G is finite. Assume now that h > 1 and let H be the
intersection of all normal subgroupsM of G such that G/M is nilpotent. The
previous argument shows that G/H is finite. It is easy to verify that H is
residually-N h−1. So, by the induction hypothesis, X ∩H generates a normal
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locally finite subgroup K of G. Now, looking at the quotient G/K, the claim
is immediate from Lemma 2.1 (iv).
Let us now drop the assumption that G is generated by finitely many
elements from X and choose any finitely generated subgroup H of G. Then
H ≤ K where K is generated by finitely many elements from X ∩K and, of
course, the set X ∩K is normal and commutator closed in K. Furthermore,
K is residually-N h. It follows from what we have shown in the previous
paragraph thatK is finite. In particular,H is finite and G is locally finite.
In what follows the intersection of all subgroups of finite index of a group
G is called the finite residual of G. We will require a corollary of the above
theorem.
Corollary 2.5. Let G be a locally graded group generated by a normal com-
mutator-closed set X of elements of finite order. Let R be the finite residual of
G and suppose that G/R is a residually-N h group satisfying some group-law.
Then G is locally finite.
Proof. Assume that G is finitely generated. If R = 1, the claim follows from
Theorem 2.4. Let R 6= 1. Then G/R is finite by Theorem 2.4 and so R is
finitely generated. Since R is locally graded, we conclude that R has a proper
subgroup of finite index in G, a contradiction.
In any group G there exists a unique maximal normal locally nilpotent
subgroup (called the Hirsch-Plotkin radical) containing all normal locally
nilpotent subgroups ofG [6, 12.1.3]. In general, it is a subset of the set L(G) of
all (left) Engel elements [6, 12.3.2]. However, it coincides with L(G) whenever
G is soluble (Gruenberg, [6, 12.3.3]), or G satisfies the maximal condition
(Baer, [6, 12.3.7]), or G has an ascending series with locally nilpotent factors
(Plotkin, [6, Exercise 12.3.7]). More generally, by Plotkin [5], this is true even
if the group has an ascending series whose factors satisfy max locally (i.e.,
every finitely generated subgroup satisfies the maximal condition).
Remark 2.6. By Theorem 7.2.9 of [2], there are only finitely many subgroups
of any given finite index in a free group of finite rank. It follows that in any
finitely generated group there are only finitely many subgroups of that index.
It was shown in [4] that the quotient of a locally graded group over a
normal locally nilpotent subgroup is again locally graded. This will be used
in the proof of the following proposition.
Proposition 2.7. Let k,m, n be positive integers, v = δk and w = v
m. If G
is a locally graded group in which all w-values are n-Engel, then the verbal
subgroup w(G) is locally nilpotent.
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Proof. Denote by X the set of all δk-values in G and choose a finitely
generated subgroup V of w(G). Clearly, there exist finitely many w-values
y1, . . . , yd such that V ≤ 〈y1, . . . , yd〉. Set W = 〈y1, . . . , yd〉. The proposition
will be proved once it is shown that W is nilpotent. We will use induction
on d.
Let H = 〈y1, . . . , yd−1, x〉 where x is a δk-value such that xm = yd. Since
y1, . . . , yd−1 and x
m are Engel elements, we remark that every finite-by-soluble
quotient of H is an extension of a nilpotent group by a cyclic group of order
dividing m ([6, 12.3.3], [5]). In particular, every finite quotient of H is in
the class N 2. Set N = 〈x〉H . By the induction hypothesis the subgroup
〈y1, . . . , yd−1〉 is nilpotent and so, by Lemma 2.2,N is finitely generated. More
precisely, N is generated by finitely many δk-values. Furthermore, X ∩N is
a normal commutator-closed subset of N . Thus, by part (iii) of Lemma 2.1,
N (i) is finitely generated for every i. As a consequence, we obtain that H(i)
is also finitely generated for every i. In fact H/N (i) is soluble and therefore it
is polycyclic. Hence, H(i)/N (i) is finitely generated and so is H(i). Let R be
the finite residual of H and S/R be the Hirsch-Plotkin radical of H/R. Then
w(H)R ≤ S, by [1, Theorem A]. Set J = H/S. By [4], J is locally graded
and, since w(H) ≤ S, the δk-commutators in J have finite order dividing m.
Corollary 2.5 now shows that J (k) is locally finite. Taking into account that
J (k) is a homomorphic image of H(k) and that H(k) is finitely generated, we
conclude that J (k) is finite. Thus J is finite-by-soluble and H/R is (locally
nilpotent)-by-nilpotent-by-cyclic. But any Engel element in such a group lies
in the Hirsch-Plotkin radical [5]. So H/R is nilpotent-by-(cyclic of order m)
and H(j) ≤ R for some j. On the other hand H/H(j+1) is residually finite
because it has a nilpotent subgroup of finite index [6, 12.3.3], so that we must
have H(j) = R = H(j+1). Therefore R is generated by finitely many elements.
Since G is locally graded, there exists a proper subgroup T of R of finite
index t. By Remark 2.6, R contains only finitely many subgroups of index
t. This implies that the intersection M of such subgroups has finite index in
R. Of course, M is characteristic and R/M is finite. We deduce that H/M
is nilpotent-by-cyclic [5]. It follows that H(j+1) is a proper subgroup of H(j),
which is impossible. This means that R must be necessarily trivial. Thus H
is soluble and, since W ≤ H , we conclude that W is nilpotent [6, 12.3.3].
Lemma 2.8. Let G be a finitely generated group such that G′ is finitely
generated and residually finite. Then G is residually finite.
Proof. Let 1 6= g ∈ G. Choose a subgroup H of finite index in G′ such that
g /∈ H . Set N =
⋂
x∈GH
x. By Remark 2.6, N has finite index in G′. Pass to
the quotient G/N . Obviously this quotient is polycyclic-by-finite and hence
residually finite. Therefore G/N contains a subgroup K/N of finite index
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such that gN /∈ K/N . We see that the subgroup K has finite index in G and
g /∈ K. Thus, for any nontrivial element in G there exists a subgroup of finite
index that does not contain the element. This means that G is residually
finite.
The next result is a generalization of Proposition 14 of [1].
Proposition 2.9. Let m,n be positive integers, v a multilinear commutator
word and w = vm. Let G be a group in which all w-values are n-Engel and
assume additionally that G is generated by finitely many Engel elements. If
γi(G) is residually finite for some i ≥ 1, then G is nilpotent.
Proof. Let G = 〈x1, . . . , xd〉 where each xj is an Engel element. We use
induction on d and i, respectively. If G is cyclic, the result is obvious so we
assume that d > 1. If i = 1, the claim follows from Proposition 14 of [1].
Suppose i = 2, that is, G′ is residually finite. Part (ii) of Lemma 2.1 tells us
that G′ is finitely generated. In view of Lemma 2.8, G is residually finite and
so we are back to the case i = 1. Let i > 2 and j ∈ {1, . . . , d}. Set H = 〈xj〉G.
Then K = 〈x1, . . . , xj−1, xj+1, . . . , xd〉 is nilpotent, by induction on d, so that
H = 〈xj〉K is finitely generated by Lemma 2.2. Now, H is generated by
finitely many Engel elements and its image in G/γi(G) has nilpotency class
at most i − 2. Therefore γi−1(H) is residually finite and, by induction on i,
H is nilpotent. We have shown that every generator xj of G is contained in
a normal nilpotent subgroup. Applying Fitting’s Theorem (see, for instance,
[6, 5.2.8]), the proposition follows.
We are now in a position to prove our main result.
Proof of Theorem 1.1. Recall that v is a multilinear commutator word,
w = vm and G is a locally graded group in which all w-values are n-Engel.
We will prove that w(G) is locally nilpotent.
By Lemma 2.1 (v), there exists k ≥ 1 such that every δk-value is a v-
value. Therefore, by Proposition 2.7, the verbal subgroup corresponding to
wk = δ
m
k is locally nilpotent. Next, we will prove that w(G/wk(G)) is locally
nilpotent. We remark that G/wk(G) is itself locally graded [4]. So, without
loss of generality, we may assume that all δk-commutators in G have finite
order dividing m. Let w1, . . . , wd be w-values of G and set W = 〈w1, . . . , wd〉.
Since every soluble image of W is nilpotent [6, 12.3.3], there exists i ≥ 1
such that γi(W ) ≤ W
(k). Let R be the finite residual of W (k). Then R ✁W
and γi(W/R) is residually finite. By Proposition 2.9, it follows that W/R is
nilpotent. In particular W (k)/R is nilpotent and generated by elements of
finite order, so that W (k) is locally finite by Corollary 2.5. As W/W (k) is
nilpotent, according to Plotkin [5], we conclude that W is nilpotent. This
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proves that w(G/wk(G)) is locally nilpotent. Thus, w(G) has a normal series
1 ≤ wk(G) ≤ w(G) all of whose factors are locally nilpotent. Hence, by
Plotkin [5], w(G) is locally nilpotent, as required.
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